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1.3. Results 17

Theorem 1.2.1. For every function u that obeys

!tu ! !u, on E, (1.48)

we have that its maximum on the closure E must be attained on E0 or on S.

A function obeying (1.48) is called a subsolution of the heat equation. A function
obeying the opposite inequality is called a supersolution. Consider a subsolution u and a
supersolution v of the heat equation. Let u ! v on E0 " S. The maximum principle as
stated in Theorem 1.2.1 then tells us that u ! v on the interior of E. This is called the
comparison principle. The maximum principle and comparison principle can be general-
ized to other linear (and even certain nonlinear) parabolic equations. We refer to [95] for
more on this.

The idea of Chapter 4 is to construct sub- and supersolutions that determine the
qualitative behavior of the harmonic map heat flow. If we can find a subsolution which
lies under the solution u of the flow and blows up, we can immediately conclude that the
solution has to blow up as well. If the subsolution blows up in finite time, the solution
has to blow up in finite time as well. If the subsolution blows up in infinite time (as is
the case in Chapter 4), we do not gain extra information. If we can construct a global
(in time) supersolution which lies above the same u, we can conclude that the solution is
global and must therefore blow up in infinite time. This principle is used to determine
the behavior of the harmonic map heat flow in many specific blowup scenarios (see, for
instance, [37], [31], [32], [55] and [56] and the later works [106], [17], [69], [7], [19] and
[57]).

In Chapter 4 we prove the precise asymptotics of the blowup behavior of the harmonic
map heat flow (1.16) in the case that n # 2 and "̄ $ [#, 2#). To do that we construct sub-
and supersolutions that blow up with some specific rates, formally computed in [15]. Just
as in [7], we need to rescale the sub- and supersolutions to actually put them under and
above the solution, respectively. This rescaling makes use of the fact that the harmonic
map heat flow is scale invariant.

In Chapter 4 we make also use of Sturmian theory, which follows from the maximum
principle. We use this theory to make sure that the radius of the singularity (see Sub-
section 4.1.1) is well-defined. For Sturmian theory we refer to [6], [51] and references
therein.

1.3 Results

We give a brief overview of our investigations and results in this thesis.

Chapter 2

In Chapter 2 we consider a Limaçon-like curve rotated around the z-axis, see Figure 1.3.
The Willmore flow on this surface will create a singularity (see [21]). It is, however,
unclear whether this surface blows up in finite or infinite time. Numerical calculations
(see [90]) suggest that this happens in finite time. Besides this numerical suggestion there
is no other result on finite time blowup of the Willmore flow.

In this Chapter we investigate the blowup behavior of this Limaçon using formal
matched asymptotics. The idea is that these calculations, although they are merely
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formal, can add weight to the numerical evidence. These calculations give the asymptotic
blowup rate of the blowup and can, in this way, contribute to the definitive answer on
whether the Willmore flow can create a finite time singularity or not.

The idea of formal matched asymptotics is to divide the problem into di!erent regions
where di!erent scales are predominant. As in these regions the scales are di!erent, the
approximations of the solutions are also di!erent. The next step is to match the di!erent
approximations to each other. Through this matching we find the blowup rate. Our
hypothesis was that the matching conditions would give a clear distinction between blowup
in the self-intersecting (Limaçon) case and no blowup in the non self-intersecting case.
The conditions we find, however, do not seem to agree with this hypothesis. We find a
blowup scenario without self-intersection.

Assuming finite time blowup, we find that the curve in the neighborhood of the sin-
gularity looks like

r ! ! cosh
!z

!

"
, with ! ! ac(T " t)

1
2 ln

! 1

T " t

"!4

, for t# T, (1.49)

for some positive constant ac and with T the time of blowup. Hence, we find quasi-
stationary finite time blowup. Matching gives us, however, also that the curve does not
intersect itself. Hence, this is not the blowup scenario of the Limaçon. In Subsection 1.4
we give a possible way to interpret these results and we give a possible strategy to find
the asymptotics of the blowup of the Limaçon.

We refer to [15] for a similar investigation of the blowup behavior, using formal
matched asymptotics, of the harmonic map heat flow. In both equations we need three
scales to catch the precise asymptotics of the problem and in both equations we use the
scale invariance of the problem. A di!erent feature of the Willmore flow in comparison
to the harmonic map heat flow, however, is that the rescaling is necessary not only in the
domain but also in the target.

Chapter 3

In Chapter 3 we calculate the Willmore flow on di!erent initial surfaces, using a moving
mesh method. These investigations were started to validate the finite time blowup results
in the Willmore flow of [90] and to extract more information that could be useful for
the matched asymptotics of Chapter 2. We find similar results as in [90]. That is, finite
time blowup in the case of a Limaçon-like figure. We further see that all dumbbells seem
to evolve to spheres, but we believe more experiments are appropriate for these initial
conditions.

In Chapter 2 we make some assumptions on the evolution of the Willmore flow,
which help us to approximate the solution. In Chapter 3 we give numerical results that
strengthen these assumptions. Besides this numerical evidence we also find a possible aid
in solving the problem of the blowup behavior of the Limaçon. We find that the inner
loop of the Limaçon vanishes on a quasi-stationary scale. The numerics further show
that every Limaçon-like surface, no matter how far from Figure 1.3, eventually flows in
a similar way towards the singularity. That is, every such Limaçon-like surface looks,
asymptotically, like two spheres.
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Chapter 4

In this Chapter we discuss the blowup behavior of the harmonic map heat flow of a
function from the disk to a sphere, in a specific scenario. Let this map, from the disk
to the sphere, be such that it is equivariant under rotations of the disk and spherically
symmetric. The resulting equation is (1.16) and the boundary conditions are given by
(1.17).

Using the results from [15] we are able to construct super- and subsolutions of the
equation that blow up with a specific rate given by

ln(R) ! " 8

!
"0t, for n = 2, #̄ # (!, 2!) and large t,

R !
!(n" 2)"0

En
t
" !1

n!2
, for n > 2, #̄ # (!, 2!) and large t, (1.50)

R !
!4(n" 1)

En
t
" !1

2n!2
, for n $ 2, #̄ = ! and large t,

where En = !
2n2 sin( !

n ) and "0 = 2 tan( "̄!!
2 ).

With these sub- and supersolutions we prove that any solution, with initial condition
#0 := #(r, 0) obeying

i. C1 % lim
r"0

#0

rn
% C2, for some C1, C2 # R, (1.51a)

ii. #!1
0

!!

2

"
is unique, (1.51b)

iii. |#0| < 2!, (1.51c)

has to blow up with a blowup rate given by (1.50). This result proves the formal results
of [15].

We refer to [7] where similar results have been given for the infinite time blowup rate
of the harmonic map heat flow (1.16) with boundary conditions #(0, t) = 0 and #(1, t) = !
and with n = 1. In this reference the authors also use the formal results of [15] to build
sub- and supersolutions. The main di!erence between our work and [7] is the amount
of scales needed to build the sub- and supersolutions. In [7] it was su"cient to use only
the inner scale. In our case we need to include the first term of the outer solution, which
means we construct sub- and supersolutions with two scales.

1.4 Final considerations

In this Section we mention and discuss some loose ends of the investigations done in the
main part of this thesis.

Chapter 2

The results of Chapter 2 suggest that we need a di!erent strategy, when using matched
asymptotics, to describe the singularity formation of a Limaçon under the Willmore flow.
From theory and numerical simulations we know that the inner solution, given in (2.146)
and (2.149), is a good approximation of the Limaçon in the tip. In fact, (2.146) and (2.149)
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hold no more information than that the mean curvature goes to zero as the singularity
is approached. The rate ! can still be anything, although theory states that it has to
be quasi-stationary. Matching with the right approximation of the solution in the outer
region should give the blowup rate !.

The numerics in Chapter 3 suggest that the self-intersection of the surface is quasi-
stationary. Hence, if this is true, the whole loop vanishes on a quasi-stationary rate and
could be considered as the inner solution. As the inner solution is a linearization around
H = 0, this would mean that the mean curvature on the loop vanishes. On the other
hand the numerics also suggest that the curvatures, near the intersection, are of order one
and

"1 ! "2 " 0, as t" T. (1.52)

This would mean that the mean curvature does not vanish on the whole loop. It seems
there is a possibility, we did not take into account in Chapter 2, that the region near the
intersection behaves quasi-stationary but is not given by the inner solution. This would
mean we have to introduce a second quasi-stationary state in the matched asymptotics.
One option to do that is to perturb the self-similar scale of the outer solution with a
logarithmic term such that

r # c(T ! t)
1
4 ln

! 1

T ! t

"!!

near the intersection, (1.53)

for some positive c and #. This gives an outer solution with a quasi-stationary rate. This
outer solution could replace the outer solution of Chapter 2. We leave the details for
future research.

We could also try to match the inner solution immediately to the remote solution.
To do this we need an approximation of the remote solution. Hence, we need a way to
simplify the Willmore flow in the regular part of the evolution. The numerics of Chapter
3 suggest that the remote solution is an perturbation of the sphere. Future investigations
on the finite time blowup in the Willmore flow could be directed to finding an expression
of this remote solution, starting from initial data close to a double sphere.

Chapter 3

In Chapter 3 we study the Willmore flow through a moving mesh method. We find that,
in the case of a self-intersection, the surface blows up in finite time, as is already shown
in [90].

We further show that the inner loop of the Limaçon-like curve vanishes on a quasi-
stationary scale. It is known that finding the precise asymptotic rates of an evolution,
through a moving mesh method, is a subtle venture. There are cases known where the
outcome is not correct (see, for instance, [26]). As we think it to be important to know
the asymptotics of the loop, we suggest to investigate the rate at which the loop vanishes
further. This can be done using more refined moving mesh methods. One can think of
other discretization methods such as spline collocation or other ways of time integration.
Another way to handle the loss of precision, when approaching a finite time singularity, is
through a Sundman transform. We refer to [27] and [26] for discussions on these various
methods in the moving mesh method.

Another interesting direction to proceed investigations, is trying to find the blowup
solution we constructed in Chapter 2. In this Chapter we find a blowup solution that
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is not the Limaçon, because the solution does not self-intersect (in the vanishing parts).
Can the blowup solution, found in Chapter 2, be a dumbbell? The numerics of Chapter
3 suggest it can not or, if it does, it is not a stable blowup problem. It seems worthwhile
to investigate this further, with more accurate moving mesh methods.

Chapter 4

To prove the theorem on the blowup rate in Chapter 4 we put some assumptions on the
initial condition of the solution (see (1.51)). It is our believe that these assumptions can
be relaxed and that Theorem 4.1.1, i.e. infinite time blowup with the stated blowup rates,
holds for all initial conditions, provided !̄ ! [", 2") and n " 2.

Consider the assumption (1.51a). This assumption is quite natural if one considers
that the original equation is the harmonic map heat flow on a map u from the disk to the
sphere. Smooth u implies smooth ! such that ! # rn as r $ 0, for n integer. We believe
this also to be true for non-integer n.

To define the (inverse) blowup rate of the singularity we make use of the fact that
R! is unique, through the assumption (1.51b). For the blowup rate to be well-defined it
is, however, enough that R! eventually becomes unique in a region around r = 0 where
the singularity is created. If one can prove this for every solution !, one can drop the
assumption (1.51b). This question is closely related to the question of convergence. In
Subsection 4.3.3 we show that the solution evolves uniformly towards " + 2 arctan("0

2 rn),
away from zero. From the parabolicity of (1.16) we know that the derivatives of the
solution evolve uniformly, as well, to the derivatives of the stationary solution, away from
zero. One would like to have a result similar to [69] that states that the solution is
monotone in the region near r = 0.

Assume that the solution is global in time, independent of assumption (1.51c). We
show that, in this case, the solution eventually obeys all assumptions (1.51) and Theorem
4.1.1 holds, see Figure 1.8. Consider a solution ! with maximum M ! (k", (k+1)"), with
k " 2 an integer. We can construct a function #0 such that #0 " !0 with #0|r=0 = k"
and #0|r=1 = (k % 2)" + !̄. This function evolves to k" % 2 arctan(#0

2 rn) for t $ &,

with $0 = 2 tan(2$!!̄
2 ). Hence, for t big enough the solution # with initial condition #0

is smaller than k" on r ! (0, 1]. By the comparison principle this means that for t big
enough ! < k". As we assumed that the solution does not blow up in finite time, we can
continue this procedure until we have found that for t big enough ! < 2". Hence, we can
drop assumption (1.51c), if the solution is global in time.

In [19] the authors remark that they can prove that the solution of (1.16) and (1.17)
is global in time if assumption (1.51a) holds, without any assumption on the maximum
or minimum value of !. This would mean that we could relax assumption (1.51c). We
think this can be shown as follows. In [69] it is shown, in the case n = 1, that for finite
time blowup the solution at r = 0 jumps from 0 to " and there is no bubble tree. This
means there is a small interval [0, %] where the solution of (1.16) and (1.17), in the case
n = 1, is monotone and smaller than 2". As the author of [69] mainly uses intersection
theorems which also hold for larger n, we believe one can prove, along similar lines, the
same for the solution of (1.16) and (1.17), in the case n " 2. If the result of [69] could
be generalized to our case this would mean that, if we assume finite time blowup, the
solution is smaller than 2" and monotone on a small interval containing zero. This in
turn would mean that we are able to bound the solution from above with a supersolution
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Figure 1.8: In this figure we show the evolution of several solutions to the harmonic
map heat flow (n = 2 and !̄ = " +1). The initial condition is given by the dashed curves
and the evolution is from the lighter grays to the darker grays. Assume that the solution
is global. We can bound any solution with maximum between 3" and 4" by a solution
as in the left figure. This means, by the comparison principle, we can eventually bound
the solution with a solution as in the middle figure. Hence, after a while the solution lies
well below the value of 2", as in the figure right.

as constructed in Chapter 4, with a well-chosen !0. As such a supersolution blows up in
infinite time, this contradicts the assumption that the solution blows up in finite time.
Hence, if one can generalize the results of [69] to n ! 2, we can drop assumption (1.51c).

One could also try and relax the assumption on the boundary condition "̄ and take,
for instance, "̄ ! 2#. As the stationary solutions can only span an interval smaller than
#, we know that at least two harmonic maps have to bubble o!. If all blowup happens
at infinite time (in the n ! 2 case), we have multiple blowup. The formal results in [15]
give di!erent blowup rates in this case. We believe one can generalize the theorems of
Chapter 4 to the multiple blowup case with the corresponding rates of [15]. We refer to
[105] for an explicit example of multiple blowup in the harmonic map heat flow.

One would hope that the techniques, used in Chapter 4, can also be applied to the
case of finite time blowup. The di"culty with the finite time blowup, however, is that
for every perturbation of a solution (or sub- or supersolution) the blowup time T also
changes. This means that the subsolutions and supersolutions of the finite time blowup
case can not lie ordered. One needs other methods to prove the precise asymptotics for
the finite time blowup case. For some results in this direction we refer to [69], [8] and [18].
Recently the precise blowup rates for some solutions in the finite time blowup case (with
domain R2) have been proved in [96]. In [16] it is shown that the finite time singularities
in the harmonic map heat flow are unstable. This could give a suggestion how to continue
the flow after blowup.


